We explore the self-interacting dark matter scenario in a simple dark sector model where the dark matter interacts through a dark photon. Splitting a Dirac fermion dark matter into two levels using a small Majorana mass can evade strong direct detection constraints on the kinetic mixing between the dark and normal photons, thus allowing the dark sector to be more visible at high intensity and/or high energy experiments. It is pointed out that such a mass splitting has a strong impact on the dark matter self-interaction strength. We derive the new parameter space of a pseudo-Dirac self-interacting dark matter. Interestingly, with increasing mass splitting, a weak scale dark matter mass window survives that could be probed by the LHC and future colliders.
On the other hand, because the dark photon is already massive in the model, it is allowed to introduce a Majorana mass term to the dark matter. If the Majorana mass is much smaller than the Dirac mass, the dark matter becomes pseudo-Dirac, i.e., the physical states are two Majorana particles with a small mass splitting of order the Majorana mass. Assuming dark matter particles are all in the lighter state, the scattering of dark matter on nucleus target via a dark photon exchange at tree level has to convert it to the heavier state. If this mass splitting is much larger than the typical incoming kinetic energy in the center-of-mass frame, the up-scattering process simply cannot happen and the strong direct detection constraints are evaded. At the same time, one has to worry what will happen to the SIDM in the presence of such a mass splitting. Naively, the dark matter self scattering with a tree-level dark photon exchange will also become up scattering from two lighter states to two heavier ones. If the kinetic energy is not large enough to compensate for the splitting, one may have to go to the next order and consider elastic scattering with two dark photon exchange (a box diagram, see below). If this were the case, the expected self-interaction cross section would be much smaller than that for a pure-Dirac dark matter.
As the main result of this work, our calculation reveals another key quantity, α 2 D m D , where α D is the dark finestructure constant and m D is the dark matter mass. Unlike the direct detection process, the dark matter particle could gain a potential energy as large as α 2 D m D during the low velocity (v α D ) self-scattering process. We find that if the available potential energy is large enough to compensate for the mass splitting, the up-scattering process becomes kinematically allowed within the potential well. In this case, the self-interaction cross section for a pseudoDirac fermion dark matter is not suppressed and remains comparable to the pure-Dirac fermion case. If we further increase the mass splitting beyond α 2 D m D , the quantum mechanical effect stops being effective. As a result, the upscattering is forbidden everywhere and the dark matter self-interaction potential becomes genuinely loop suppressed. To maintain as large self scattering cross section, one must resort to much smaller dark photon mass. Based on these observations, we derive the new parameter space for a pseudo-Dirac SIDM.
This paper is organized as follows. In section II we introduce the massive dark QED model and discuss the role of adding a small Majorana mass to the dark matter in avoiding the strong direct detection constraints. In sections III, IV, V, we describe our method of calculating the dark matter elastic self-scattering cross section at low velocities, taking into account of the non-perturbative effects. Our numerical results are presented in section VI. We will conclude and outline several possible channels for probing the pseudo-Dirac SIDM in the future, in particular at high energy and intensity collider experiments.
We note that the dark matter self-interaction in the presence of mass splitting has been explored in [22] , but their discussion focused on very small mass splitting less than ∼ 10 keV. In that case the inelastic scattering of dark matter in direct detection is still kinematically allowed and the constraints on the kinetic mixing parameter remain very strong. The impact of the mass splitting ∆m is less significant than what we shall show below.
II. MODEL
The Lagrangian for the massive dark QED model is
where in the limit ∆m = 0 the Dirac fermion χ is the dark matter field, V µ is the dark photon, g D is the dark gauge coupling (α D = g 2 D /(4π) will be the dark fine-structure constant) and κ is the kinetic mixing between the photon and the vector field V . The U (1) kinetic mixing term can be removed at the price of redefining the photon field A µ → A µ + κV µ . This will result in an effective coupling between the dark photon and the usual electromagnetic current (made of standard model particles), κeJ µ em V µ . Turning on the Majorana mass ∆m will split χ into two Majorana fermion mass eigenstates,
where χ c is the charge-conjugation of χ field. Throughout the paper we assume that all the dark matter today are in the lighter state χ 1 . We also assume that ∆m is real and much smaller than the Dirac mass m D . The dark gauge interaction vertex becomes off-diagonal with respect to χ 1 and χ 2
As a result, the tree level scattering of dark matter χ 1 on the proton target will convert it into the heavier state χ 2 ( Fig. 1) . Near the earth, the dark matter velocity distribution is peaked at ∼ 10 −3 c. Therefore, for most targets the typical kinetic energy in the dark matter-nucleus system is at most a few hundred keV. If the χ 1 − χ 2 mass difference ∆m is greater than an MeV, the up-scattering process χ 1 p → χ 2 p is kinematically forbidden and the tree-level direct detection constraint is simply evaded. At next order, one could consider elastic scattering χ 1 p → χ 1 p happening at loop level with two dark photon exchange (see right plot of Fig. 1 ), but that will cost an additional power of (καα D ) as well as the loop factor in the amplitude. Given the existing upper limit on κ (see Fig. 4 in Ref. [16] ), such a contribution cannot lead to a competitive constraint. Adding a Majorana dark matter mass will also generate a contribution to the dark photon mass at loop level, which is of order δm
, where Λ UV is the cutoff scale where the dark U (1) is broken. This will not bring about unnaturalness as long as the dark photon bare mass satisfies m V δm V .
III. DARK MATTER SELF-SCATTERING DIAGRAMS
The main goal of this work is to calculate the cross section of dark matter self-interaction for a pseudo-Dirac dark matter. Because the dark matter velocity is much lower in dwarf galaxies (∼ 10 −4 ) than in the local dark matter wind (∼ 10 −3 ), naively if the above mass splitting ∆m is large enough to forbid the up scattering in direct detection, the tree level up-scattering processes χ 1 χ 1 → χ 2 χ 2 (see the left plot in Fig. 2 ) will also be kinematically forbidden. The next step seems to be considering χ 1 χ 1 → χ 1 χ 1 scattering at loop level by integrating out χ 2 , also shown in Fig. 2 . However, this argument is only valid for very large mass splitting ∆m. In the ∆m → 0 limit (pure Dirac dark matter case), the loop diagrams by themselves are not able to reproduce the leading Yukawa potential, −α D e −m V r /r, but rather the α 2 D order correction to it (for such a calculation in real QED, see [23] ). When ∆m is small enough for quantum mechanical effects to be important, we must keep the χ 2 state in the calculation. Because we consider non-relativistic dark matter particle scatterings, it would greatly simplify the calculation by first going to the non-relativistic effective theory of the massive dark QED. According to the power counting in NRQED [24, 25] , the leading contributions are made from Coulomb dark photon propagating in the loop. The radiative dark photon contributions are suppressed by the dark matter velocity at each vertex. Including only Coulomb dark photons, it is easiest to find that the diagrams (b) contribution vanishes because in the l 0 integral (l is the loop momentum), both poles of the integrand are located on the same side of the real axis. Also, because the Coulomb photon exchange must be instantaneous, the diagrams (c, d) will not contribute at leading order. Only diagram (a) survives and the dominant contribution to the scattering amplitude is when the loop momentum l is of same order as the total momentum transfer q = p 2 − p 1 . This corresponds to each of the dark photon propagator only carrying a momentum much smaller than the dark matter mass scale m 1 ∼ m D and the two χ 2 propagators are only off-shell by the amount of the momentum transfer q or the mass difference ∆m. The low loop momentum dominance nature of the diagram justifies the use of Schrödiger equation to resum the multiple Coulomb dark photon exchange.
IV. NON-RELATIVISTIC HAMILTONIAN
As discussed above, we make non-relativistic expansion of the dark matter field, with the definition
We define χ (+) = ξ and χ (−) = iσ 2 η * . In the limit ∆m = 0, χ (+) annihilates a Dirac dark matter particle while χ (−) annihilates an anti-dark matter particle. Together with the full theory Lagrangian (1), we obtain the non-relativistic Hamiltonian at lading order,
Next, we go to the basis where H dark−NRQED is diagonal for free dark matter particles at infinity where V 0 = 0, with the rotation
Hereafter, χ 1,2 denote the non-relativistic counterpart of those fields defined in Eq. (2). In the basis of {χ 1 , χ 2 }, the single-particle non-relativistic Hamiltonian takes the form
where we shifted H dark NRQED by a term proportional to the unit matrix such that the lighter state χ 1 (the dark matter) has only kinetic energy when V 0 = 0. This does not affect the evolution of states or our result. Because we will be discussing the χ 1 χ 1 scattering process with χ 2 χ 2 as a possible intermediate state, it is convenient to derive the two-body state effective potential [26] . In the basis of
We expand the continuum state wavefunction as
where k is the relative momentum of two dark matter particles at infinity. Then the Schrödinger equation for each partial wave is 1 2µ
where µ m D /2 is their reduced mass of two dark matter particle system. In the parameter space of interest to this work ∆m k 2 /(2µ), we need to solve the Schrödinger equation with the boundary condition at infinity,
where δ is the phase shift for each partial wave . The momentum-transfer scattering cross section between two dark matter particles, commonly used for exploring the solution to small-scale problems, is defined as [29] 
V. ADIABATIC APPROXIMATION
In principle, we need to solve the scattering problem using the 2 × 2 coupled equations (Eq. (10)). We find that for the parameter space of interest to the present work, the adiabatic condition is valid which could greatly simplify Eq. (10) back to one Schrödinger equation.
It is useful to define R (i)
k in Eq. (10) . As such, we conveniently have boundary conditions at the origin, φ 
In order to proceed, we find the adiabatic approximation very useful here. At every r, we can use the rotation angle Θ(r) to diagonalize the potential V in Eq. (8), and obtain the energy splitting ∆E(r),
The adiabatic condition [27, 28] is fulfilled if the time derivative |Θ(r)| is much smaller than ∆E(r), where we also work under the approximation that |Θ(r)| α D |dΘ(r)/dr|, i.e., the dark matter particle can be accelerated up to dr/dt ∼ α D at most in the potential well. Clearly, the larger the mass splitting ∆m and the smaller the dark coupling α D , the easier it is to satisfy the adiabatic condition. In Fig. 3 , we plot the ratio ∆E(r)/|Θ(r)| in the m V − α D parameter space for ∆m = 1 MeV and 10 MeV, respectively. In the following numerical calculations we will take a benchmark value α D = 10 −2 . In this case, the condition ∆E(r)/|Θ(r)| > 1 is well satisfied for most of the selfinteracting dark matter parameter space in our results. In contrast, the mass splitting considered in [22] is much smaller than here and the transition between the two energy levels cannot be neglected.
In the scattering problem, the dark matter state starts with φ
(1)
k = 0 at infinity. As the two particles approach each other, the two energy levels begin to mix with each other when the off-diagonal potential terms turn on. Under the adiabatic approximation, we neglect the transition between φ k . In other words, the dark matter state will continuously stay on φ (1) k level and the phase shift out of the scattering process is generated simply because the energy eigenvalue value gets deformed by interaction. In this case, the Schrödinger equation for φ (1) k is simplified to Effectively, in this adiabatic approximation, we have integrated out the heavier two-particle state χ 2 (r)χ 2 (r) at every r. It is crucial to note that χ 2 χ 2 is not equivalent to the free particle state χ 2 χ 2 . In particular, deep inside the potential well if the potential energy is much larger than the mass splitting, χ 2 χ 2 is a linear combination of χ 1 χ 1 and χ 2 χ 2 with rotation angle equal to π/4. This picture is in line with the argument in section III that χ 2 state must be kept in the calculation, until we properly integrate out the instantaneous heavier state χ 2 χ 2 (instead of χ 2 χ 2 ). The resulting effective potential used for Schrödinger equation is
It is worth noting that in the large mass splitting limit, the approximate form is V adiabatic (r) α
We numerically solve (15) starting with the boundary condition φ 
k (0) so that at large r the first boundary condition in (11) is satisfied. The phase shift is then obtained in the standard way at a matching point r m 1/m V using
In our calculation, we use r m = 10/m V . We take the dark matter relative velocity in dwarf galaxies to be v = 10 −4 , and fix the dark fine-structure constant α D = 10 −2 . Finally, for the sum over in (12), we truncate it when the value of |δ | consistently falls below 0.01 at large enough .
VI. RESULTS
As motivated in the introduction, in this work we focus on the pseudo-Dirac dark matter case with a mass splitting large enough to suppress the direct detection constraint, ∆m > 1 MeV. Our new finding here is the importance of interplay between the two parameters, the mass splitting ∆m, and the potential energy α If ∆m < α 2 D m D , the behavior of pseudo-Dirac dark matter self-interaction cross section has many similarities to the pure-Dirac case (for an anatomy of the latter, see [12] ). For light enough dark matter when both m D α D and m D v are smaller than m V , the self interaction can be correctly described by the Born approximation and the low energy S-wave scattering. As the dark matter mass grows such that m D v < m V < m D α D , the interaction strength gets stronger, multiple dark photon exchanges become important and the scattering enters the quantum regime. In this regime, by increasing the dark photon mass m V , the binding energies of S-wave bound states are modified. When one
The orange region show the parameter space for a pure-Dirac fermion dark matter (upper-left) and pseudo-Dirac case with a mass splitting equal to 1 MeV (upper-right), 3 MeV (lower-left) and 10 MeV (lower-right). In the orange region of each plot, the ratio of the dark matter self-interaction cross section to its mass σT /mD lies between 0.1 cm 2 /gram (dahsed boundary) and 10 cm 2 /gram (solid boundary). We also show contours with constant values σT /mD equal to 10 −3 cm 2 /gram (orange dot-dahsed) and 10 −5 cm 2 /gram (black dotted). We do not show the region with even lower dark photon mass because the kinetic mixing parameter is very tightly constrained, κ 10 −10 for mV 10 MeV [15] , which conflicts with our goal of making the SIDM more visible.
of the states becomes degenerate in energy with the initial state, the cross section σ T gets resonantly enhanced. At very large m D , the dark photon mass become negligible compared to both m D α D and m D v. In this case not only the quantum mechanics effects are important but also we have to sum up to a large number of partial waves . Sometimes we could encounter the case where the resonant peaks due to higher-channels stand on top of an S-wave peak. In Fig. 4 , we plot the ratio of dark matter self-interaction cross section over mass as a function of the dark matter mass, m D , for three different values of ∆m. In the right half of this plot, the condition ∆m < α 2 D m D is satisfied for all the three curves. We find the position of the resonant peaks are different for pseudo-Dirac and pure-Dirac dark matter cases, and there are fewer of them in the former case, but the peaks are enhanced by similar amount. They key reason for the similar enhancement is that when two particles approach the inside of their potential well, the available potential energy can be large enough to compensate for the mass splitting and enables the χ 1 χ 1 → χ 2 χ 2 transition to still happen.
On the other hand, if α 2 D m D < ∆m, the mass splitting is so large that even the potential energy is not enough for χ 1 to up-scatter into χ 2 . In this case, the leading contribution to the self-interaction comes from loop induced process χ 1 χ 1 → χ 1 χ 1 as discussed in section III (see also the discussion below Eq. (16)), and the cross section gets much more suppressed. As we reduce the dark matter mass from right to left in Fig. 4 , when ∆m is large enough, it is possible to reach a situation where α 2 D m D < ∆m and α D m D > m V (for example, in the region 3 GeV m D 100 GeV along the red curve). In this case, although the scattering is still in the quantum regime, the self interaction cross section already becomes loop suppressed and all the resonant peaks disappear.
In Fig. 5 , we plot, in the m D − m V parameter space, contours of constant ratio of self-interaction cross section to mass of the dark matter, σ T /m D , for a pure-Dirac fermion dark matter, and for pseudo-Dirac fermion dark matter case with two mass splittings ∆m = 1, 3, 10 MeV. The orange region between the dashed and solid curves corresponds to 0.1 cm 2 /gram ≤ σ T /m ≤ 10 cm 2 /gram [13] . Clearly, in the presence of a larger mass splitting, more SIDM regions shrink from the bottom of the plot. In those regions that disappear, the mass splitting ∆m is larger than the potential energy α 2 D m D . As a result, the dark matter self interaction becomes loop suppressed and a large enough self-interaction cross section could be maintained only by resorting to a very light dark photon. This explains why the orange strips eventually disappears at the bottom-left corner of each plot.
In this work, we would like to be open-minded by noting that, although SIDM is quite an attractive scenario offering special correlations between the dark matter and dark photon masses, there are still ongoing debates about to what extent the self-interaction is needed as the solution to the small-scale structure problems. To stay tuned for possible future variations of the favored value, we also show in Fig. 5 the contours with lower values of the self-interaction cross section, σ T /m D = 10 −3 , 10 −5 cm 2 /gram. In these cases, we find the dark photon is allowed to be much heavier in the light dark matter region (GeV-scale) and the interplay between ∆m and α 2 D m D as discussed above become less significant. This feature could also be read from Fig. 4 .
We find that with a larger mass splitting, the largest azimuthal quantum number needed to be summed up to gets smaller. The largest sum corresponds to the upper-left corners of each plot. We have also checked that, with MeV scale or larger mass splitting, the adiabatic approximation used in our calculation is valid in all regions relevant to the SIDM scenario. It is also crucial to check that the dark matter self-interaction is suppressed on the cluster scales, where the velocity is much higher (v ∼ 5 × 10 −3 c), so that the constraints from bullet cluster observations [30] are satisfied. Fig. 6 illustrates with two examples the point that in the presence of a Yukawa potential [10] this is indeed the case.
In principle, one could also vary the values of α D from what we use here (10 −2 ). A smaller α D would require larger dark matter mass to satisfy the condition α 2 D m D > ∆m thus and further increase the lower bound on SIDM mass. On the other hand, taking a larger value of α D than used here could accommodate more SIDM parameter space with a much larger mass splitting ∆m (see, e.g., Fig. 7 with α D = 0.1). At the same time the model could receive stronger constraints from dark matter indirect detection, barring a series of astrophysical uncertainties [31] . Very recently, Ref. [32] argued that the cosmic microwave background (CMB) could marginally exclude the parameter space of SIDM. However, it is worth noting that [32] only works in limit of pure-Dirac SIDM and further assumed thermal production of the dark matter relic density. In fact, Ref. [33] has shown that the CMB constraint could be weakened for pseudo-Dirac dark matter in the presence of an MeV scale mass splitting. Moreover, if one makes a simple extension to the simple setup considered here to allow the dark photon to decay into other light species in the dark sector (such as the "dark neutrinos"), the CMB bound will be further relaxed. In this sense, the indirect detection constraints are more model dependent. In contrast, adding such a light dark species will not affect the physics of dark matter self-interaction and direct detection which are involved in the main motivation of this work.
As a reflection on the above results, it may be helpful to consider the annihilation of wino dark matter where a similar quantum mechanical effects play a role [26] . Because of radiative corrections, the charged wino is heavier than the neutral wino dark matter by 166 MeV [34] , which is much larger than the typical dark matter kinetic energy in the galaxy. However, the charged wino still plays an important role in the Sommerfeld enhancement in the dark matter annihilation, because of the potential energy from the exchange of electroweak gauge bosons. Namely, the product of the electroweak coupling strength α 2 W and the TeV wino mass is greater than the charged-neutral wino mass splitting. These enhancements for dark matter annihilation and self-interaction with a large mass splitting share a similar origin.
VII. CONCLUSION AND OUTLOOK
We have explored the case of self-interacting dark matter which aims at solving the small scale structure problems in the context of a dark sector model of massive dark QED. The dark sector couples to the standard model sector via the U (1) kinetic mixing term. We are interested in the question how visible the SIDM from such a dark sector could be probed in our laboratories. Previous calculations on SIDM assumed it is a Dirac fermion in which case the direct detection experiments are at the most frontier of probing the Dirac SIDM except for the low mass (GeV or less) dark matter window. Adding a small Majorana mass to the Dirac fermion dark matter will make it pseudo-Dirac-split it into two nearly-degenerate Majorana mass eigenstates, and if the mass splitting is larger than MeV scale, all direct detection constraints can be evaded. At the same time, as pointed out in this work, the parameter space for SIDM will also be modified. The comparison between the mass splitting ∆m and the potential energy of order ∼ α The pseudo-Dirac SIDM case, with the strong direct detection constraints evaded, lights up new hopes of probing the photon-dark-photon kinetic mixing and the dark sector structure through other experiments. The most interesting parameter space is when the dark photon mass lies above ∼ 10 MeV, where the current high intensity experimental upper bound on the kinetic mixing parameter κ is only ∼ 10 −3 , or even higher. Thus the dark photon in the SIDM scenario can still be quite visible with κ close to the present upper bound. There have been several proposals to cover the dark photon in this window [35] [36] [37] . Moreover, if the mass spitting is large enough, according to Fig. 5 and 7 , the SIDM mass is pushed up to around the weak scale. The high luminosity and future high energy colliders seem to be very suitable for probing both the SIDM and dark photon in this case. At colliders, the dark matter particles χ 1 , χ 2 could be pair-produced via the U (1) kinetic mixing, and dark photon could be radiated from dark matter final states or from the de-excitation of χ 2 → χ 1 . They lead to exotic signatures such as lepton jets [38] [39] [40] and/or displaced vertices [41, 42] . For large enough α D the dark matter bound state channels will also play an important role [21] . We leave a systematic study of these phenomena and their prospects to a future work [43] .
Finally, our work also could be useful when the kinetic mixing vanishes and the dark sector is completely hidden. In that case, there is no other option but to continue exploring the nature of dark matter in astrophysical observations. The new parameter space of pseudo-Dirac SIDM found here is still valid, and is complementary to that for a pure-Dirac dark matter.
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